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3AJAYA KOIIIN OJIAA OJHOI'O KJIACCA

HEJINHENHBIX JN®PEPEHIINAJIbHBIX YPABHEHUN

1 EE ITPUMEHEHUME JOJI4 OIITVIMAJIBHOT'O YIIPABJIEHU
ITOJIETOM JIETATEJIbHBIX AIIITIAPATOB

B pabote paccmarpuBaercs 3agada Komm 1718 0aHOro HesMHEHOro 0OBIKHOBEHHOTO An(depeHInaib-
HOTO YpaBHeHUd M CBA3aHHasA ¢ Heil 3a71a4a OoNTHMAaJbHOIO yrpasienus. [loiyyeHHble pe3yibTaThl HCHOIb-
3VIOTCH JJ18 ONTHMAJIBHOTO YVIIpaB/JIeHHs MMoJeToM JleTaTelbHbIX alllapaTos 10 3aJaHHOH TPaeKTOpHHI

1. ITocranoBka 3aga4yn n (pOPMYJIUPOBKA PE3yJIbTAaTOB.

Pacemorpum caeayioniyio 3a1ady Kommm
' (x) = max(k(z) + a(z)2(2),0) + ko(z), 0Lz <z0, Y(0)=my, (1)

rae k(z), ko(z) 1 a(x) — 3ananHble HenpepbiBHbIe DyHKIMH Ha orpeske [0, zg], a my— 3a1aH-
HOe MOJIOKHUTeabHOe uncio. IIpeamosaraercs, uto k(z) > 0, ko(z) > 0 mpu 0 < = < xy, a
nckomast GYHKINS z(T) U ee MPOH3BOAHAS HempepbiBHBI Ha orpeske [0, zg]. 13 obmeit Teo-
pun audpepeHInaIbHbIX YPaBHeHHI CJIe/IyeT, YT0 B MaJioii oKpecTHOCTH Toukn () peireHue
3agaun (1) cymecreyer n eguncreenso ([1]-]2]).

[Tycrs a(zx), k(x) 1 my yaoBaeTBopsioT TeM ke yciaosusam, uro u B (1). Ha orpeske [0, zg)
PACCMOTPHM 33149y

y'(z) = a(z)y(z) + W(z) + k(z), 0<z<x0, y(0) =my, (2)
re y(z) € C0,z0) u W(x) € C[0, xo]~ Mckomble GYHKIIHA, YIOBICTBOPSIONIHE YCIOBHIM
y(z) 20, W(z)20, 0<z< . (3)

Banauy (2)—(3) upu k(xr) = 0 , 6Gyaem Ha3blBaTh OAHOPOAHON. ONTHUMAILHOE VIIDABICHHE
110/IeTOM JIeTaTeIbHBIX AMIapaTOB IO 3aaHHO TPaeKTOPHH CBOANTCH K 3aaade (2)-(3).

ONPEAEJEHUE 1. Pewenue (yo(z), Wo(x)) 3adavwu (2)-(3), ydosaemsoparouee ycaosuro
Yo(x) < y(x), Wo(z) < W(x), 0<x< a0, (4)
ede (y(z), W(z))- npoussoavhoe pewenue 3adawu (2)-(3) na ompesxe [0, x|, Oydem naszoi-
64 ONMUMAALHOLM DEULEHUEM IMOT 30004 U.
IMeroT MecTo CiIeayIomine TeopeMbl
TEOPEMA 1. 3adava (1) umeem eduncmeennoe peuserue.

TEOPEMA 2. Heodnopodnas sadawa (2)—(3) eceada pazpewsuma, a coomeemcmeyouai 00Ho-
POOHAA 300aMa UMEEM BECKOHEYHOE YUCAO AUHETHO He3asUCUMIT pewenutd. Obuee pewerue
sadawu (2)-(3) onpedeasemea dopmyaoti

y(x) = z(x), W(x) = max(0,—a(x)z(z) — k(x)) + ko(x), (5)
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2de ko(x) npoussoavhaa nenpepuenas dynryus na ompesxse [0, 0], a z(x)- pewenue ypas-
nenua (1).

TEOPEMA 3. Onmumanvroe peuwenue 3adavy (2)—(8) eduncmeenno u ono onpedessemca
dopmy.noii
Yo(2) = zo(x), Wolx) = max(0, —a(z)z(z) — k(z)), (6)
ede zy(x) - pewenue 3adavu (1) npu ko(z) = 0.
B caeayiomenm naparpade npuBeneHbI T0Ka3aTelbcTBa ¢(hOPMYJIUPOBAHHBIX TEOPEM H
vKasanel 3¢ peKTHBHbIE METOMbl DEIIeHHsI PACCMOTPEHHBIX 3a7ad. B Tperbem maparpadpe

OJYYEeHHbIE PEe3VIbTAThl UCIIOJIB3VIOTCA 1715 pacdeTa ONTHMAaJIbHOIO VIIpaBJIeHHHA I10JIeTOM
JeTaTeJIbHOTO allllapaTa 10 Ba,EI;ELHHOﬁ TPpaeKTOPHH.

2. J1oka3aTejIbCTBO OCHOBHBIX YTBEDPXKICHMIL.

Hoxasameavcmeo meopemus 1. JloKa3aTebCTBO TEOPEMbl HEIOCPEICTBEHHO CJIEAVeT U3
TeopeMbl Y HHTHepa ( Teopema 5.1 u3 2] ). Mst nokazem, 4ro 3agauy (1) MOXKHO permuTh Me-
TOJIOM HOCJIe/I0BaTe/IbHBIX MPHOIMKenuit Ha BceM unTepBade [0, xy). JdeiicTBurenbno, 3a1aua
(1) sKBHBAJIEHTHA CJIEAVIOUIEMY HHTEIrPATbHOMY VPaBHEHHIO

y(@) = k(o [ max(0, a(t)y(t) + k(t))dt

rae ki(z) = mu—i-fux ko(t)dt. [Tycts M - omeparop, aeiicteywomuit Ha GyHKIMIO © 110 dhopMyJIe

Mipliz) =Fi(z) / max(0, a(t)e(t) + k(t))dt, 0<z < z,.
J151 IPOU3BOIBHBIX HENPEePbIBHbIX (DYHKIHI ¢ U () BHINOJHAETCS HEPABEHCTBO
M(e)(@) = M@ < Nl [ lot) - galta @
(31ech u namee || f|| = max |f(x)| nupu 0 < x < ). PaccmoTpum oc1ejoBaTe/bHbIe TPHO/IH-
xKeHud Yo = k1(2), Yn = M(yn—1) mpu n = 1,2, . ... IMelOT MeCTO CIeAyIONIHe HEPABEHCTBA
yes1(2) = yu(@)] < Nl GO TR+ llallllkalDe?, §=1,2,.... (8)

eiicTBUTebHO, IPH j = 1 3Ta oueHka odeBuaHa. Ecan (8) Beimonusercs npu j = k, T0 u3
HEPaBeHCTBA

[Yr41(2) — g (@) = | M (ye)(2) = M(ye-1)(z)| < lal] [: |95 () — Y1 (2)]dt

HOJYYUM, 4TO 3Ta OIEHKA BepHa Takxke W npu j = k + 1. 13 (8) caexyer, uro mocienosa-
TeJIBbHOCTH Yp(2) cxomurTess K mpeneny y(x) pasHomepHo Ha orpeske [0,xq] mpu n — o0,
npuiemMm

el 5 ”“”; (k] + lallla ).
j=n+1 g

[lociennas omeHKa MOKa3bIBAET, YTO MOCJIEIOBATEILHOCTD ¥y, (%) cxomures K y(x) GbicTpee,
4eM yObIBalomas reoMeTpudeckas nporpeccusi. [lepexos K npemesy npu n — 00, IOy IHM

205



H.E.ToBmacan

y(z) = M(y)(z), T0 ecth y(r) ABasgercs eiuHCTBeHHBIM pemenneM 3a1aun (1). Teopema 1
noka3zana. [

TEOPEMA 4. Ecau a(z) > 0 npu 0 < = < =z, mo pewenue 3adavu (1) onpedeasemcs
bopmyaoti

i) = (ma+ [ (ko) + ho))(B(0) ) B,

(%) = exp(f: a(t)dt).

Jloxasameavcmeso. Jlerko ybeautnea, uto y(x) > 0, y(0) = mp u ¥'(z) = a(z)y(z) +
k(x) + ko(x). Cnenosarensno, a(z)y(x) + k(z) > 0, to ects y(x)- pemenue 3amaun (1).
Teopema jnokazana. [

Jlokazameavcmeo meopemw, 2. Tlyets y(x)- pemenne 3anaun (1). @yukmus (yo(z),
Wo(x)), onpenenennas dopmyaoit (6), spasercs pemennem 3anaun (2)-(3). Pacemorpum
byuxkunn y(z) = B(x)z" ' (n + 1)7', W(z) = B(z)z". Jlerko NpoBepUTh, UTO €CIH 7~
HaTypasbHoe 4ncio u n > |lal|zy, To bynkuns (y(x), W(zx))- pemenne omHopoHOl 3a1aun
2)~(3).

Tenephb 10KakeM BTOPYIO 4acTh TeopeMbl 2. JIerko mnposeputb, uro dbyukuuu y(r) u
W (x), onpenenentbie cooTHomenneM (5) }IBT[HIOTCH pemrennem 3a1a4n (2)-(3). Bepno takxe
u obpaTHoe: m060e pemrenne 3azadn (2)-(3) npeacrapiasiercda B Buue (5). elicTeurenbno,
HCIIOMIB3ysA HeoTpunareibHocTh W (x), u3 (2) nveem

2de

V(@) > a(@)y@) + ha), 0<z <z
VunuTeiBasg, uto y'(z) > 0, HocIeaHEe HEPABEHCTBO MOXKHO HAIMCATH B BHJE
y'(z) > max(a(z)y(z) + k(z),0) 0<z < .
13 3TOro COOTHOIIEHUd CJIeAYeT, 9TO
y'(z) = max(a(z)y(z) + k(z),0) + ki(z), 0<z <z, (9)

rae ky(z) HekoTOpas HempepbiBHasi, HeoTpuuaTeabHas (ynkmus ma orpeske [0, zq]. [loa-
craBadas y'(z) u3 (9) B (2), moaydnm

W(z) = max(—a(z)y(z) — k(z),0) + k1(z), 0<z <xp, y(0)=my

Takum o6pasom (y(z), W(z)) npeacraBnserca B Buze (5). Teopema 2 nokasana. [

Jlokasameavemeo meopemv, 3. Teopema 3 10Ka3zaHa aBTOPOM CTaTbH H €r0 YYEHHKOM
0O.A. Babagnom. ITpusenem 3T0 J0Ka3aTeThCTBO. EIMHCTBEHHOCTL ONTHMAJIBHOIO PENIeHU s
sagaun (2)-(3) ouenana. Pacemorpum dynKImE, onpenerennse coorHomenusamu (5) u (6).
CoryacHo TeopeMe J0CTaTOYHO TOKa3aTh HePaBeHCTBA

z(x) > z(z), W(z) > Wo(z), 0Lz < . (10)

Cravasa J0KakeM IepBOe HepaBeHCTBO. IlycTh ais Hekoropoii Toukn z; (0 < x < )
HMeeT MecTo obpaTHoe, To ecTh z(x) < 2o(zy). O6o3naunm z.(r) peurenme ypasrenus (1)
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npu ky(r) = —e. Tak kax z.(z) mempepsiBHO 3aBucuT or £ (cm. [1]), To m1a mocrarouno
MaJIOTO MOJIOXKHTEIbHOTO £ TaKzKe BBINOJIHAETCS HepaBeHCTBO z(71) < z.(x1). TTockoabky
2(0) = 2.(0) = my, TO U3 3TOr0 COOTHOMIEHUS CJIEIYeT, 9TO CYIIECTBYET TAaKasi TOYKA To
(0 < zy < z1), 4TO

Zl@a) =#lge); Zla) S ¥HE), -5 <8 < I (11)

Tax xak 2(z) u z.(r) yaosrersopsior ypashenmio (1) mpu ky(z) > 0 um ky(z) = —¢ co-
OTBETCTBEHHO M Z.(¥3) = 2(x3), TO zL(x9) < 2'(x9). W3 3TOrO HepaBeHCTBa M H3 IIEPBOIO
coorHomeHus (11) ciexyer, 4T0 B HEKOTOPOil NPABOCTOPOHHEIl OKPECTHOCTH TOYKH T BbI-
NOJHSAeTCH HePaBeHCTBO 2.(x) < z(Z), KOTOPOe MPOTUBOPEYUT BTOPOMY COOTHOmIeHHIo (11).
[Tosrygennoe mpoTHBOpeure 10Ka3biBaeT nepeoe HepaseHcrso (10).
g nokaszaresnbcrBa BToporo HepaBeHcTsa (10) ormerum, uto Tak Kak ko(z) > 0, To u3
(5) nmeem
W(z) > max(—a(z)z(x) — k(x),0). (12)

[Ipeanonoxnm cuadana, 4o a(r) > 0. B atom ciayuae, ucnonan3ys (6), a Tak:ke HepaBeHCTBA
k(z) > 0 u z(x) > 0, noayunm

W(z) > max(—a(z)z(z) — k(z),0) =0, Wy(z) =

to ectb W(z) > Wy(z). Ecin a(z) < 0, To u3 mepsoro HepasencTBa (11) caemyer, uto
—a(z)z(x) — k(z ) > —a(r)z(z) — k(z) n, cnenoBarennHo,

max(—a(z)z(z) — k(z),0) > max(—a(z)z(x) — k(z),0).

Takum obpasom, u3 (12) u B 3TOM caydae noaydum, uro W(x) > Wy(z), uTo nokaspipaer
(11). Teopema moka3aHna.

3. OnTuManbHOE yIpapjeHue I0JeTOM JjerareibHoro annapara (JIA) mo 3a-
JaHHOW TpaeKTopuu.

Byaem npeanoaarars, uro nosier JIA ocymecTBisieTcs B KOOPAMHATHON mwi1ockoctu xOy
(r > 0), mpu 3TOM Hayaj0 KOODIMHAT COBHAJAeT C HAYAJIBbHON TOYKON II0/IeTa, TOJOMKH-
TeIbHOe HanpabieHne ocH (Jy HAIPABJIEHO BEPTUKAJILHO BBEPX 110 OTHOIIEHHIO K 3eMHOi
nosepxnoctu. [IpeanonaraeTcs Takske, 4T0 JaTbHOCTH OJ1€Ta MAJA MO CPABHEHHIO C paiy-
coM 3eMIH B HO3TOMy OyjieM CYHTaTh, YTO HAIpaB/IeHUe ChIbl TskecTn F (1), neiicTsyiomeii
Ha JIA B MOMEHT BpeMeHH f, COBIAJAET ¢ OTPUNATENLHBIM HanpasiaenueM ocu Oy. Moiyib
CHITBI TsKeCTH onpenesiercs: dopmymnoii Fy(t) = am(t), rae ap = gR3(Ry + H)7%, g ycxo-
penne cBoOoIHOrO majenns, Ry— paamye 3emumn, H- paccrognHue oT Hadaaa KOOPIHHAT 10
nosepxHoctu 3emun, m(t)- macca JIA B MomeHT Bpemenu t. 31ech W B JaJbHeiimeM 1.4
BCEeX BeKTODHBIX BeanduH f () o6o3navaem f(t) ?(t)|

O6osmaunm: V' (t)- ckopoers mostera JIA, F.(t)— compoTupieHHe BO31yXa, }_7}?(1‘) pe-
aKTHBHad cuia, deficreylomas Ha JIA, G (f) cuma TopMoxkKeHHs: (CHJIa TOPMOXKEHHS BO3-
HUKaeT TIPH MCKYCCTBEHHOM H3MeHeHmH Koudwuryparwu JIA win npuMeHeHnH Iapaumora).
[Ipeanonaraercs, 4To HapaBIeHHEe l? COBIA/IAET, a HAIIPABICHUS g

HallPaB/JICHUI0 CKOPOCTH V', a CKOPOCTh IOJIETa Masia MO CPABHEHWIO CO CKOPOCTBIO 3BYKA.
Torna, ecan (z,y)- xoopaunars: JIA B momenr ¢, To ([5])

IIPOTHBOITOJIOYKHBI

Fr(t) = —pm(t), Fe(t) = ko(z, y)V (1), G(t) = Wo(z, y)V (2). (13)
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3aech ko(z,y)- 3anannada, a Wy(x, y)— HCKOMas HempepbIBHbIE MOJIOXKHTEIbHbIE (DYHKIMA,
Jt— TOJ0XkKHTebHOe ynco. [Ipmkenne JIA ¢ mepeMeHHOIT Maccoil ONUCHIBACTCA yPABHEHHEM
Mermmepckoro ([5]):

m(t) 7 (£) = Fo(t) + FL(t) + Bo(t) + G (8). (14)

Ecmn Vj(t), j = 1,2 KoopamHAThl BEKTOpa CKOPOCTH ?(t), Vi(t) = £(t), Va(t) = y(t), To
ypasrenne (14) B KOOpANHATAX 3alUIIETCA B BUJIE

m(t)Vi(t) = —uri(@)Va(#)(V ()" — ko(z, y) Vi (t) — Wolz, y) V(1)
m(t)Va(t) = —prn(t)Va(t)(V (1)) ™" = ko(z, y)Va(t) — Wo(w,y)Va(t) — aom(t).
[Tyers nogser ocyuiecTBageTed MO TPAEKTOPUH
y'=flg) 0 <% <, (15)

rae f(r) 3azanmas TPHKIb HempepbiBHO anddepennupyemas dyukmus, f(0) = 0. [Tycts
to— BpeMmd moseTa 1o Tpaekropuu (14), mg— 3ananHas macca JIA B KoHIe noJsera, TO ecTb

m(tu) = My. (16)
13 dusnyeckux coobpazkenuil 6ygem npeano/ararb, YTo

m(t) >0, m(t) <0, @(t)>0, 0<t<t. (17)

B zanaue (13)- (16) mckombimMu sBastorea dynxumn z(t), y(t), Vi(t), Va(t), m(t), W(z,y)
U BpeMd nojera ty . [loser ocymecTB/IseTcst IpH MOMOIIH COOTBETCTBYIONEro moabopa pe-
AKTHBHOI CH/IbI, CHJIBI TOPMOMKEHHs, HadajbHON ckopoctn V(0) u pacxoja TOIWIHMBa. JTH

BeJIHYHHBI TaKyKe I10/1/ezKaT OnpeaeIeHno. Umeer mecTo CaeavIiomad

TEOPEMA 5. 3adaua (13)- (17) umeem pewenue mozda u moavko mozda, xozda
Flah 40y 008 b < 25 (18)

Jlokasameavemeo. Tax kax () > 0, To MbI MOXKeM U3 ypaBHeHHd &(t) = ¥ ompeaenuTs t,

Kak GyHKIHo oT r. [lepexoas K He3aBUCHMON nepeMeHHOI T 1 nemons3ya (14), mveem

Va(t) = f"(@)w?(z) + fl(z)w(z)'(z), m(t) = m'(z)w(z). (19)

B srix o603Hauennsax ypapaenue (14) mo KoopanHaTaM M COOTHOIeHH: (17) mpUMYT BHIT

i o e R o e i -
m(z)w'(z) = T o) ki(z) = Wi(z), 0L < x, (20)
m(z)(f"(@)u(z) + F@)w'(@)) = —%—
~h(@)f) - 2 W@ e), 0 <z 1)
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m(z) >0, w(zx) >0, Wi(x) = Wy(z, f(z)) >0, m'(z) <0 (22)

npu 0 < x < . Bamecs ki(z) = ko(z, f(z)). Taknm oOpa3om, pacCMOTpeHHas 3a1adya MPH-
BoguTCA K 3agade (19), (20), (21), (22) onpenesenns Hen3BecTHbIX (byvHKIui w(x), m(xr) n
Wi(z). B nanbueiimem, B cOOTBeTCTBHH ¢ onpeaenedneM, Gyukumio Wi(x) 6yaem Ha3bBATD
K03 DUIHEHTOM CH/IbI TOPMOXKEHHsI Ha KpUBoil y = f (;r)._'
Yuuoxkas obe gactu (20) na f'(x) n BblunTag npasble u Jesble yact (20) u (21) coor-
BETCTBEHHO, TIOTYYUM
w?(z) = —ao(f"(z))™Y, 0<z < xo. (23)

13 nocsieiHero paBeHcTBa CJAeAyeT, YTO 4715 pa3pemmMocTs 3a1a4n (16), (20) — (22) neobxo-
MO BbinoTHeHne yeaous (18). JJokarkem, 4To 3TO YCIOBHE SIBJASETCS TaKyKe J0CTATOYHBIM
JIId TOTO, 4TOOBI 3a/1a4a HMea pelieHne.

[Tycrb 910 yemosue Bomosneno. Torma u3 (23) nveenm

w(r) =vV—ao(f"(z))!, 0<Lz< xo. (24)

Henas B (20), (16) u B moc/1e1HUX ABYX HepaBeHCTBaX (21) 3ameHy HCKOMBIX (byHKImil m(x)
u Wi(z) na o(x) m W(z) no dopmymram

(@) =m(zg — ), W(z) = u Wi(zo — 2)\/1 + w(zo — ), (25)
0Ty YHM
¢'(z) = a(z)p(z) + k(z) + W(z), 0<z <z (26)
e(0)=mo, ¢'(z)20, W(x)20, 0<z<w (27)
e
B ki(zo — 2)y/1 + w?(zo — ;1:)1 o w'(zg — x)y/1 4+ w?(zo — :1:)

Il u
Taxkum obpa3om, paccMOTpeHHAs 3aJada MPUBOANTCA K 3a1a4e (26), (27), permenue KOTopoii
onpejeaserca dopmyoit (5). CormacHo Teopeme 3Ta 3a1a4a nMeer GECKOHEYHOE MHOKECTBO
pemennii. Teopema nokazana. [

13 nony4yenHbIx hopMya cieayeT, 4To BpeMs ToJeTa ty, HadaabHas CKOPOCTh 1, pacxo
TOILTHBA M1, MOAY/Ib PeakTHBHON cuiabl F)(x) u koadpdummenat ropmoxkenus Wi (x) onpee-
JSIOTCS CIeAVIONIAM 06pa3oM:

to = /u i %, Vo =w(0)v/1+(£(0))%, mq = ¢(xp) — mo,

Wz — )
1+w?(z)’
rae w(z) - bynkuua (24), a (¢(z), W(z)) — pemenne 3anaqn (26), (27).

Fi(z) = p' (20 — x), WA(z) =

3AMEYAHUE 1. Ecau f"(z) < 0, f"(z) >0, npu 0 < z < x9, mo noaem JIA no mpaex-
mopuu y = f(x) 603moicen 63 MOPMONACEHUA, NPU IMOM 6CE NAPAMEMPHL NOAEMA Onpede-
AAOMCA 0UHCTNEEHHBLM 00PA3OM.

Aoxazameavcmeso. Ilpu BeImoHeHHHU 3a1aHHBIX yeiaoBuii B (26) a(x) > 0 n 3aza4a (26),
(27) mpu W(x) = 0 umeer eaguHCTBEHHOE pelnenue. [
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Kax 6p110 10Ka3aHO BbIIIeE, 330aua (26), (27) nmeer GeCKOHEYHOE MHOKECTBO peIleHHi.
Bribepem pemrenne Tak, 4ro0bl 00ECHeYHTh ONTHMAIBLHOCTH HEKOTOPBIX MapaMeTpoB MpH
noJere 1o 3aJaHHoil TpaekTopun. OJHEM W3 KPUTEPUEB ONTHMAJBHOCTH MOJETa SAB/IAeTCs
MHHAMATBHOCTh PACXO[a TOILTHBA H CHIBI TOPMOMKEHHS. ITO O3HAYAET, YTO HEOOGXOMHMO
HaifTu Takoe pemenue (¢o(x), Wy(x)) 3amaun (26), (27), KOTOpoOe YIOBIETBOPAET YCIOBHIO
wo(z) < p(z), Wy(z) < W(x) npu 0 < x < xo. 3aech (p(z), W(x)) — npoussoabHOe pemenue
sagaun (26), (27). Ecau Bbinoanexo yciosue (16), TO cormacHo Teopeme 3, 3T0 pelleHue
onpezeasaTcd cooTHOIIeHuAMH @y () = y(z), Wo(z) = max(—a(z)y(x) — k(x),0), tae y(x)
pemrenne 3ajxa4u (1).

IIycrs Tenepb HauasabHas ckopoerh Vy JIA 3axana. Torna anagorndmo Teopeme 5 J10Ka-
3bIBACTCH

TEOPEMA 6. Iloaem JIA no mpaekmopuu (15) ¢ wauwaavhot cropocmvio Vy 603mootcen
mozda u moavko moada, kozda f(x) ydosaemeopaem yYcaosuAM

! 2 T2
_1_%.)91 8 L_Z f'(z) <0, 0<z <z
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